Clusters of octahedral molecules mimicking TeF 6 afford a vehicle to investigate the analog in small clusters of structural phase transitions through molecular dynamics simulations. Three phaselike forms occur for the solid clusters, both closed-shell structures of 51, 89, and 137 molecules, and open-shell structures of 50, 81, and 129 molecules. The indications are that the free energy has at least two minima as a function of the order parameter. However, whether these converge to a single minimum as N, the number of molecules in the cluster, grows large, leading to a second-order transition in the bulk, or remain apart, implying at least a weak first-order transition in the bulk limit, cannot be determined from the simulations.
I. INTRODUCTION
Structural phase transitions ͑SPT͒ in crystals between high-symmetry, disordered and low-symmetry or ordered phases have attracted the attention of both experimentalists and theoreticians for many years. 1 Various anomalies of static and dynamic properties occur in SPT's and have been interpreted within the frameworks of various phase-transition theories. Among the static properties of interest are the temperature dependence of the specific heat and the static dielectric and elastic constants. Experimental techniques such as surface-enhanced Raman scattering and infrared spectroscopy provide realistic information about how these properties change in the transition region.
Structural transformations have been observed in small clusters produced by supersonic nucleation. The experimental conditions for these observations and their analysis can be found in Ref. 2 and the references therein.
The structural phase changes in finite systems may be seen under conditions which, in many cases, have no counterparts for bulk systems. 3 Some of the problems of phase behavior of atomic clusters, including surface melting, sintering, phase coexistence, and the passage to the ''thermodynamic limit'' have been reviewed by Berry and collaborators. [4] [5] [6] [7] Many clusters have persistent solidlike and liquidlike forms which exhibit a dynamic ''solid-liquid'' phase equilibrium. That equilibrium becomes a first-order phase transition as N, the number of particles in the cluster, grows very large. This phenomenon is now reasonably well understood. 7 Some of the phaselike forms of small clusters, such as fluxional structures, disappear as N increases, simply because large systems do not sustain them.
The existence and the nature of a finite-system analog of a second-order phase transition are the subjects that have brought us to the investigation presented previously in Ref. 8 and now here. Many solid bulk systems consisting of highly symmetrical molecules change their structure at a phase transition as a result of orientation ordering or disordering of the molecules. 9 Such transitions are usually either second-order or weakly first-order transitions from less ordered to more ordered phases as the temperature is lowered. 10 ͑''More ordered'' is meant in the sense, e.g., free rotation of polyhedral molecules occurs at high temperatures, but does not occur in the form stable at low temperatures͒.
Many questions arise immediately for the finite system regarding how reordering processes occur, how the free surface of a cluster influences the nature of the reordering phase transition, 11 and how finite-size scaling 12-14 applies for clusters.
In what follows in this article, we attempt to answer some of these questions, while others are discussed elsewhere. 7, 8, 11, [14] [15] [16] The investigation is based largely on simulations of clusters of rigid octahedral molecules intended to mimic TeF 6 . The analysis involves a diagnostic method for extracting the distributions of molecular orientations, which is discussed elsewhere. 16, 17 In Sec. II we describe the procedure used to simulate the dynamics of the molecular clusters in the process of cooling from their melting point and heating from their orientationally ordered phase. In Sec. III, we present the structures and phaselike forms that result from our simulations, and compare the lattice constants computed on the basis of these data with experimental and computational data published by other authors. The visualization is performed with the help of the program XMOL 18 and our animation of the processes. 17 In the final section we discuss the influence of the different factors responsible for the phase changes.
II. SIMULATION PROCEDURE: EXPERIMENTAL AND THEORETICAL BACKGROUND
We have chosen tellurium hexafluoride, TeF 6 , as our model system to answer some of the questions raised in the Introduction, because the highly symmetrical ͑octahedral͒ molecules of TeF 6 provide a good example to study both the nature and the temperature dependence of the structural transformations found in finite molecular clusters. Although TeF 6 is quasispherical in shape, the molecular interaction is sufficiently anisotropic to ensure packing in different crystal structures when the clusters are cooled down from their liquid form. The observations 2 show a body-centered cubic ͑bcc͒ structure below 233 K in the bulk, and, as well, below the melting region for clusters, a monoclinic structure below 100 K and an orthorhombic structure below 50 K. The monoclinic structure has been observed only in clusters, while the others have been found both in clusters and bulk. 2 Our simulations, and those performed by Bartell and Xu, 19 indicate that the phase seen below 100 K is stabilized by the kinetics only. We show ͑Sec. III͒ that its appearance is a result of partial ordering: only one of the molecular axes of symmetry is aligned. 8 In addition to the orientation order, a displacive component appears in the simulations. This is detected by the distortions of the lattice even at very low temperatures. Such kinds of distortions are known to be the result of couplings between orientational and translational order in the real system. As the temperature decreases further, the molecules align all their axes with no significant change of the lattice constants.
A. Model for the system and potential function
We describe a cluster of TeF 6 as a classical aggregate of rigid, octahedral species which are allowed to rotate and translate. Initially, the cluster has been arranged as spherical as possible in order to represent the bcc structure found at high temperatures. Technically, this means that a single molecule is located in the cluster center. The first ''shell'' has eight molecules at the corners of a cube, Fig. 1 . The lattice constant aϭ6.18 Å is chosen to minimize the potential function, ͓Eq. ͑3͒, below͔, Fig. 2 . The next six molecules belong to the second shell and are located at distance a from the central molecule. In such a way, what is called ''shell'' hereafter corresponds to a sphere containing a specific number of molecules. For example, in the bcc structure, the first shell contains 9 molecules-1 central and 8 first neighbors. A cluster with two complete shells has 15 molecules-the original 9 plus the 6 of the second shell. As temperature is reduced, the clusters undergo a structural phase change in the range of a temperature T tr (N) which depends on the cluster size. Our simulations indicate SPT's for clusters of more than about 30 molecules. In order to investigate the influence of possible defects ͑incomplete shells͒ on the transformational behavior of the clusters, we have examined a variety of both closed-shell and open-shell structures. For closed-shell bcc structures, we have used 51, 89, and 137 molecules, corresponding, respectively, to 4, 6, and 9 complete shells. For open-shell structures, we have chosen 50, 81, and 129 molecules.
The microscopic state of the cluster is specified in terms of the positions q i and momenta p i of its constituent set of molecules. These incorporate the orientation degree of freedom. Within the Born-Oppenheimer approximation, it is possible to express the Hamiltonian of the system as a function of the nuclear coordinates and momenta, while the rapid motion of the electrons is averaged to produce the effective potential energy. Additionally, we can assume a classical description of the system and write the Hamiltonian H of the cluster of N molecules as a sum of kinetic and potential energy functions, K and V, respectively, of q i and p i of each molecule. Adopting the notation pϭ͕p i ͖ and qϭ͕q i ͖, we have
H͑p,q͒ϭK͑p͒ϩV͑q͒. ͑1͒
Following this model of the cluster, we express the kinetic energy as a sum of translational and rotational motion of each molecule, considered as a rigid polyhedral body,
where m i is the molecular mass, and Î is the inertial tensor of a molecule computed in a system fixed with respect to the molecule, where the tensor Î is diagonal. Its diagonal elements have the same value due to the octahedral symmetry of the molecule, I ␣␣ ϭI, ␣ϭ1,2,3. The potential energy contains the information expressing the intermolecular interactions. The potential function of the system is a sum of pairwise Lennard-Jones atom-atom potentials and an atom-atom Coulomb interaction,
where the generalized coordinates q are replaced with the distance r i, j between the ith and jth atom. The Coulomb term in the potential is included 20 to account for the observations 9 that most of the molecular crystals behave as ionic crystals. We have computed the charges q i␣ with the help of a linear combination of atomic orbitals ͑LCAO͒ code in which spherically symmetrical orbital functions are used. The negative charge at the position for any fluorine atom in the molecule is 0.1e in this approximation. More sophisticated calculations would give a higher value for the charges, of the order of 0.25e which, however, does not essentially change the relative contribution of the Coulomb potential to the total energy. Because of the higher symmetry of the molecules, the first nonvanishing moment is the hexadecapole. The induced multipoles are negligibly small for this system. The site-site distances for the electrostatic interactions are taken to be the same as those used in the Lennard-Jones potential terms; that is, the charges are placed at the atomic centers.
The potential function ͑3͒ accounts for the spatial anisotropy of the molecular interactions which is responsible for the variety of phases exhibited by solid TeF 6 .
The classical equations of motion for a cluster of N molecules interacting via the potential ͑3͒ are written in Hamiltonian form. Computing center-of-mass trajectories requires solving a set of 6N first-order differential equations. The general requirement is that the Hamiltonian should be independent of the choice of the generalized coordinates in order that the generalized momenta be conserved. For each cluster, as for any set of particles, it is possible to choose six generalized coordinates corresponding to three degrees of freedom of translation of the center of mass, and three independent rotations about the center of mass. The other (6NϪ6) coordinates describe the motion of the molecules relative to one another. For our case, the potential function depends only on the magnitudes of molecular separation, and V, H, and K are independent of the six translational and orientation coordinates of the entire cluster. The corresponding conjugate momenta, in the Cartesian coordinates, are the total linear momentum
and the total angular momentum
where we take the origin of the space coordinate system at the center of mass of the cluster. Having in mind that the cluster is a compound system, we can decompose its angular momentum in two parts,
where L cluster is the momentum of the cluster as a whole, and
is the sum of the individual molecular momenta Î• j b calculated in the body system and projected into the space system. The body system of each molecule has its origin at the center of mass of that molecule. This decomposition allows the decoupling of the motion of the cluster as a whole from the collective motion of the molecules that becomes coherent during the phase transition and leads to alignment of the molecular axes. 8 Conversions from the body-fixed to spacefixed systems is handled by the equation 21 22 to solve the problem of divergence in the orientation equations for the three Euler angles.
The equations of motions were integrated using the velocity Verlet algorithm. 23 The time step used in our computations was chosen to approximate conservation of energy, linear momentum, and angular momentum adequately. The performance of the algorithm for different time steps ⌬t in the region of 1 and 30 fs was measured by calculating the root-mean-square energy fluctuations ͗␦E 2 ͘ 1/2 /͗E͘. At the shortest ⌬t ͑1 fs͒, this was 10 Ϫ7 for a run of 10 5 time steps, and 10
Ϫ5 for a time step of 10 fs. The step of 10 fs was chosen for efficiency.
The boundaries of the clusters were taken free, since no detectable evaporation occurred under the conditions of these simulations. This means, however, that because of the free surfaces of the clusters, the behavior of any local quantity should be specified with care. This is particularly important for any local order parameter which plays a central role in the description of phase transitions. The free surface implies that the order parameter (r) satisfies
where L is the average linear size of the cluster. The information about the dynamics of the SPT's of clusters cooled down from their melts is obtained from constant-energy molecular dynamics ͑MD͒ simulations. The temperature T of the system is estimated via the average kinetic energy
where ͗ ͘ denotes an average over the trajectory of the cluster in the phase space; k B is the Boltzmann constant. It is useful to define separate ''translational'' and ''rotational'' temperatures, each of which, when averaged, gives T. In such a way we can control the duration of the time t eq necessary for the system to reach a specific temperature ͗E kin rot ͘ tϭt eq ഫ͗E kin tr ͘ tϭt eq .
͑8͒
If the system is far from equilibrium, these two temperatures fluctuate considerably as well as drift toward an equilibrium value. The cluster is thermalized at a particular temperature using the velocity scaling algorithm
This velocity scaling procedure has been proven to give the correct canonical distribution in the coordinate space with accuracy of order ⌬t if the scaling is carried out in every time step during the thermalization. 24 The time necessary to thermalize the cluster if it is far from the transition temperature, which depends on the cluster size, is about 10 ps if the cluster is cooled or heated in steps of 10 K. The closer the temperature is to the transitional range, the longer the thermal equilibration time. Thermal equilibrium is achieved after 100 ps in the vicinity of transition. After the stage of thermal equilibration, the velocity scaling is switched off, and the cluster evolves in the phase space under the condition of constant total energy. It is necessary to run the simulations longer in the transition temperature region than far from it, so the system can come to equilibrium at the new state point. At the end of this equilibrating period, all memory of the initial configuration should have been lost. The system's equilibration is monitored by recording instantaneous values of the potential and kinetic energy during this period. These are taken every ten time steps, i.e., every 0.1 ps, in order to avoid collecting correlated values of the quantities. Adequate equilibration is especially important when the initial configuration is a lattice with one type of symmetry and the state point of interest is in another type of symmetry.
A number of parameters have been monitored to track the changes in the cluster lattice. The degree of translational order in the centers of molecular mass is tested by evaluating the translational order parameter
where r i is the position vector of the center of mass of the i-th molecule and k is the reciprocal lattice for the initial lattice. It is found 20 that this parameter is a more sensitive indicator of the changes of the lattice structure, and of what constitutes an adequate equilibration period, than the thermodynamic quantities, either V or E kin . The parameter (k) indicates when equilibrium has been reached by converging to a limiting value. In this way we have found that the clusters must equilibrate about 50 ps if they are away from the transition temperature range, and about 1ns in the range of the transition temperature.
III. RESULTS FOR STRUCTURAL TRANSFORMATIONS AND LATTICE CONSTANTS
Isoenergetic molecular dynamics simulations show that at low temperatures, below Tϭ20 K, the clusters are both orientationally and translationally ordered. The program XMOL is used to visualize and plot the structures found in our simulations. We have developed a procedure to extract the lattice constants from the data. Examples of the structure seen at low temperatures in the clusters of 89 and 137 molecules are shown in Figs. 3͑a͒, 3͑b͒ , and 4, respectively. In this temperature range the size of the cluster is not very important; the smaller and larger clusters show the same behavior. As we discuss below, the clusters form either a based-centered monoclinic structure, with molecules at the corners having an orientation different from that of the molecules at the centers of the bases, or two intersecting monoclinic structures. Figure 3͑b͒ shows the two spatial orienta-tions preferred by the molecules. Completely aligned molecules are seen in Fig. 4 for a larger cluster of 137 molecules. Figure 5 illustrates the structure one finds at T ϭ20 K. Only tellurium atoms are shown, and are connected to guide the eye if the distance between them is less than 5.4 A.
The differences between 89-, 129-, and 137-molecule clusters are apparent in the caloric curves for these three examples, Fig. 6 , taken from Ref. 8 . The smallest cluster shows the largest, most distinct jump in its caloric curve in the region of the first structural transition. Increasing the size smoothes the jump, indicating that it might exhibit a finitesize effect. In general, this smoothing is not sufficient to assign the transformation as a continuous, second-order transition or as a precursor of such a transition. Additional characteristics of the system should be investigated to make a definite assignment.
We have studied 14 the excess ͑nonideal͒ part of the heat capacity, c ex , from the fluctuations of the kinetic energy 25 1 N
͑10͒
Equation ͑10͒ gives the heat capacity per particle and states that the fluctuations of the kinetic and the potential energy are equal and can be verified in a machine computation. The heat capacity shown in Fig. 7 displays the well- known lambda-type shape as a function of the average temperature ͓Eq. ͑7͔͒. The example of that figure is an 89-molecule cluster heated from Tϭ20 in steps of 10 K ͑5 K in the transition region͒ up to 160 K. The very large jump at Tϭ70 K indicates both orientational and translational changes. On the cooling branch this process goes smoothly, Fig. 7͑b͒ . Note that the scales of the two figures differ.
We have determined the orientation distribution of the molecules as functions of cluster size and temperature, to give a clearer guide to this characterization. Here we present the distribution of one of the axes of symmetry relative to one of the space axes, ϭarccos͓2͑q 0 2 ϩq 3 2 ͒Ϫ1͔. Fig. 8͑a͒ for the case of a 137-molecule cluster at three different temperatures: Tϭ180, 80, 20 K. At high temperatures, all orientations are equally populated, while at and below the transition temperature (T c ϳ85 K for this cluster size͒ there are two peaks in the angular distribution. The reorientation of the molecules is accompanied by a lattice distortion, as we have seen from the heat capacity curve. At Tϭ20 K, the peaks are narrower; the peak at 0 appears to split into two parts because of the symmetry of the molecule: rotation by /2 leaves a molecule invariant. A comparison of the distributions at Tϭ40 K ͑just above the second transformation͒ and Tϭ20 K ͑below it͒ shows that this transformation does not change the form of the distribution. In order to evaluate the entropy change in this distribution, let us enumerate the microstates.
The angular distribution p(,T) is plotted in
We denote the number of molecules in the first and second peaks by n 1 and n 2 , respectively. The number of molecules, mostly from the surface, which do not contribute to either peak is n s : n 1 ϩn 2 ϩn s ϭN, the total number of molecules in the cluster. If all possible permutations of the molecules were allowed, there would be WϭN!/n 1 !n 2 !n s ! different ways in which the specific microstate can be realized. However, Fig. 4 makes it clear that n 1 ϭn 2 when N grows very large. On the other hand, n s goes to zero as N Ϫ2/3 . Thus the number of states is WϭN!/n 1 !NϪn 1 ! because n 2 ϭN Ϫn 1 . The orientational order, indicated in Figs. 3 and 4 , imposes the condition that the orientation of one particle cannot change without changing the orientation of its nearest neighbors, which would induce a change of the next-nearest neighbors, etc. This cannot occur at low temperatures because the system has insufficient energy. As a result, the molecules only librate, as their velocity correlation functions show.
11 This is why only exchanges like n 1 പn 2 can occur. Such exchanges, however, do not change the entropy of the system; this is a strong indication that the phase change is continuous. In smaller systems, the change of the entropy is a smooth process, since it is a finite derivative of the free energy, again consistent with the transition being continuous. This is manifested in the gradual curvature of the caloric curve for the larger clusters at about 30 and about 80 K.
Typical forms of the 89-molecule cluster at 160 and 90 K are shown in Figs. 9͑a͒-9͑c͒. At 160 K, Fig. 9͑a͒ , the cluster has melted: no translational or orientational order is detectable. However, if incidentally one of the molecules evaporates, Fig. 9͑b͒ , the cluster cools and spontaneously transforms into a bcc structure. Simulations performed at a constant total energy show such a process clearly. At the temperature of 90 K reached in a cooling process through steps of 10 K ͑5 K in the transition region͒, most of the molecules are translationally ordered in a structure distorted because of its finite size; nonetheless they are randomly oriented, Fig. 9͑c͒ . Note that the central part of the cluster has a pattern like that produced by bulk crystal growth with defects.
At 80 K, the transition temperature for this cluster size, most of the molecules have aligned one of their symmetry axes, Ref. 8. In the solid-solid transformation detected at 80 K, the crystalline structure ͑bcc͒ of the disordered phase collapses due to vibrational modes. At T c , the amplitudes of some of the slow lattice vibrations become excessively large for energetic reasons and produce permanent atomic displacements that generate the new crystalline structure as the former becomes unstable. In this case, the measured displacement amplitude is the proper order parameter, (k). Structural transitions that are accompanied by coupling between the rotational and vibrational modes sometimes look like first-order transitions. The free energy has two local minima corresponding to different locally stable population distributions among the uncoupled modes.
This partially ordered structure is not seen in the bulk. In principle, this structure might be only metastable for large systems, stabilized in the small systems by the kinetics and by the stability of coexistence of multiple phaselike ͑or isomeric͒ forms with not-too-different free energies. Its consistent appearance in the simulations makes it very likely that it is locally stable up to quite large sizes, perhaps even to the bulk limit. Although it may never be the structure of lowest free energy, it has a free energy close enough to that of other structures that in the dynamic phase equilibrium of an ensemble of clusters, it is well-populated enough to be important as an equilibrium component.
A further decrease of the temperature causes a complete ordering of all the molecular axes. In infinite systems, complete ordering is achieved in one transformation, with no appearance of the intermediate phase.
If we are to formulate a phenomenological description of dynamics, we must identify a few slow modes whose relaxation times go to infinity at the critical point T c . Some of these modes interact on a wavelength scale comparable to the coherence length, which diverges in bulk systems. In a finite-size cluster, this length is limited by the linear size. Some of these nonlinear interactions are dissipative and are responsible for the fact that the rates of several irreversible transport processes approach zero at T c .
To study quantitatively the distributions of molecular orientations, we devised a mapping procedure 16 which makes it easy to determine the relative population of the two preferred orientations denoted by the solid angles ⍀ 1 and ⍀ 2 . Figure 9͑b͒ shows that the clusters freeze in a slightly distorted, base-centered monoclinic lattice. Such a lattice has an elementary cell consisting of two molecules with random orientations.
We have obtained the following lattice constants: a ϭ(5.00Ϯ0.06) 10 Ϫ10 m; bϭ(5.2Ϯ0.25) 10 Ϫ10 m; cϭ(8.7 Ϯ0.5) 10 Ϫ10 m and the corresponding angles between the edges: 85, 90, 56°. The crystal structure seen in the clusters is not perfect, even at low temperatures, because of the finite size of these systems, and the consequent influence of their surfaces.
Another interpretation is consistent with the patterns in Figs. 3͑a͒, 3͑b͒, and 4: the lattice can be identified as a combination of two monoclinic structures, since the molecules located in the base center have orientations different from those of the molecules at the corners. This ambiguity of the patterns most probably is the reason for different identifications reported for these structures in the literature. We would like to mention that the static interaction potential is minimized when the molecules oriented in the direction ⍀ 2 are surrounded by molecules oriented in ⍀ 1 .
A discussion of the observations and identifications of the phases in clusters produced in supersonic nucleation can be found in Ref.
2 and references therein. The analysis discussed in these publications is restricted to the experimental data obtained by electron diffraction, which is not sensitive to the molecular orientation. To distinguish between the different molecular orientations, it will be necessary to study the clusters by Raman or infrared spectroscopy. A recent report 26 describes structural phase changes in gold clusters. Whether this sort of transition of atomic clusters is related to those associated with the orientational order-disorder of the molecular clusters studied here is an open issue for the future.
IV. CONCLUSIONS
Structural phase changes as functions of the temperature of clusters of rigid octahedral molecules intended to mimic TeF 6 are inferred from the data computed with the help of constant-energy molecular dynamics simulations. The transformations between different solid structures can be identified as a precursor of the second-order phase transitions in finite systems. The analysis is based on the behavior of the orientational order parameter as a function of the temperature, the heat capacity, and the caloric curve as a function of cluster size. When the temperature is lowered, the cubic lattice undergoes a transition to a ͑distorted͒ base-centered monoclinic lattice, i.e., the symmetry is broken. Since the symmetry characters in the two differently oriented lattices are closely related, we can infer from our study that the transformation observed is a two-stage continuous transition. The two transitions differ insofar as one has only a single minimum in the free energy with respect to the order parameter, while the other appears to have two minima which converge as the cluster size increases. This implies that there may be two kinds of bulk second-order transitions, corresponding to these two situations, and that the latter should correspond to borderline cases between weak first-order and true second-order transitions, depending on whether the two minima truly converge at some finite size, converge at infinite size, approach asymptotically but closely enough that the zero-point vibrational level is above the barrier between the minima, or only approach closely enough to leave some small remnant of a latent heat and a double minimum.
